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Abstract: Several sequences are derived which are related to Stirling's formula for the Gamma 
function. It is shown that two of these sequences increase monotonically asn increases, and some 
asymptotic properties of these sequences are presented. 
Stirling's approximation provides an approximation for the factorial function and a convenient 
way of calculating an actual approximation to it. More generally, one can use it to approximate 
the function F(z) as well. In this paper, we would like to define several sequences which are defined 
in terms of the basic Stirling series and then demonstrate some fundamental properties of these 
sequences. Although the methods used here in establishing these results are new, some of the 
results originally appeared as a problem in [1]. Part of the original problem was proposed without 
a solution, and it is intended that this will provide some additional insight. Although there may 
be other ways of obtaining these results, the idea of calculating polynomial bounds as done here 
could be of considerable use in other applications and the proof of further inequalities. It is well 
known [2] that the Gamma function F(z) can be represented asfollows for Re(z) > O, 
F(z) = V~zZ-½e-Zd '(z), (1) 
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where z z-1/2 = exp((z - 1/2) log(z)). The function #(z) is defined to be 
1 1 1 ~(z) = log r(z) - (z - 7)log(z) + z - 5 og 2~r. (2) 
Let us define two real sequences Sn and Tn for positive integral n as follows 
n n! 
S. : 2x/2~(e)'~, Tn = ~.  (3) 
Note that  the terms in S~ can be obtained from the coefficient of exp(#(z)) in (1) by multiplying 
it by z, then sett ing z = n. Wi th  the sequences S~ and T~ defined above, it is clear that  
T~ = n - -  = n = e "(n) .  (4 )  
Since the function #(z) is analytic for all real z > 1, a new sequence a~ can be defined in terms 
of the sequence Tn in the following way 
1 1 
= , an = 12n-  - -  (5) T,~ - 1 12n - a,~ T ,  - 1" 
From (3) we have that  T1 = 1/$1 = e /v~~,  and the sequence a,  is bounded below by 
1 3 
al = 12 - T1---~- 1 = 0.156926..- > ~ > 0. 
From the definition of #(z), it follows that  
1 1 
#(z) - #(z + 1) = (z + 7) log(1 + z) - 1. (6) 
Using (6), it isn't  difficult to show that  the sequence T~ is monotonical ly decreasing to one, since 
Tn 1 £ .+t  
e(1 + > 1. Tn+l - n ) 
From this it follows that  Tn > T~+I, or Tn decreases monotonically. 
P ropos i t ion  1. The sequence {an} defined in (5) is a monotonical ly increasing sequence. 
P roo f .  It is to be shown that  a~+1 > an, which is equivalent to proving the following inequality 
1 1 
- -  - 12  < O. (7 )  
Tn+l - 1 T~ - 1 
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It will be shown that an upper bound for the left hand side of inequality (7) can be obtained 
which is negative. To obtain bounds for T,, one can use bounds for the factorial of n. To obtain 
such estimates, it will be shown that specific bounds can be found for the function #(n). Thus, 
suppose one has the following upper and lower bounds for n[, 
2X/'2-~nne-ne re(n) < n! < 2v/~nne-ne 'u2(n). (s)  
Dividing (8) by Sn, one obtains that 
exp(~l(n)) <Tn< exp(~2(n)). (9) 
Subtracting one from each side of (9) and inverting this, we obtain that 
and hence 
1 1 1 
exp(#l(n)) - 1 >T---~-~-I > exp(#~(n)) - 1' (10) 
-1  -1  -1  
(11) 
exp(#l(n)) - 1 < ~ < exp(#2(n)) - 1" 
Replacing n by n + 1 in (10) yields 
1 1 1 
> - -  > (12) 
exp(#1(n + 1)) - 1 T~+I - 1 exp(#2(n + 1)) - 1" 
Adding equations (11) and (12), we obtain the following upper and lower bounds for the quantity 
on the left of (7), 
1 1 1 1 < - -  
exp(#2(n + 1)) - 1 exp(#l(n)) - 1 Tn+x - 1 T,~ - 1 
1 1 
< exp(#l(n + 1)) - 1 exp(#2(n)) - 1" (13) 
To obtain an upper bound from (13) which is more useful for the proof, we expand the exponentials 
on the right into polynomial series. Next, we use inequalities obtained from the usual expansion 
of exponentials into polynomial series to place bounds on the exponentials in (13). When m is a 
natural number and x is real, we have the following estimates 
~-~ xr ~ xr x 'n+l 
7T.I <e~, x>0,  e~< ~T.+(m_x+l )m[ ,  0<x<m+l .  (14) 
r=0 r :0  
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It follows from these bounds that the following inequalities hold 
1 1 1 -1  
e~----~- < ,~ x - - ' - - - -w '  -eY ------1 < V 'm yr yrn+l 
Therefore, the following upper bound holds for the inequality obtained in (13), 
1 1 1 ~ < x~ = 12-12@! .  (15) 
e~- i  e~- I  E~I~_  T v, mz . , r= i r !+(m_y+l )  m y r  y'~+' gtn) 
Now twelve can be subtracted from both sides of (15), and we see that we have a way of bounding 
the exponentials. This idea can be used to prove (7). If it can be shown that f/g is positive, the 
proof is complete. 
In fact, we replace x by the function #l(n + 1) and y by #2(n) in (15). The functions f and g 
in (15) can be calculated explicitly once we have specified how the functions #1 and #2 are to be 
selected. One way to select #1 and pc is to use estimates for n! which are given in [4]. 
1 1 ) ~- - ,  , . 1 1 (16) 
2v/~-nnne-nexP(1-~n 360n a < n! < x/2~rnn e- exP(l~ n (360+%)n3) 
where 7n = 30(7n(n + 1) + 1)/(n2(n +1)2). Prom (16), we can read off #1(n) and #2(n) as follows 
1 1 1 1 
#1(n) = 12n 360n 3 < #(n)< 12n (360 +7~)n3 - p~(n). (17) 
Substituting m = 3, x = #1(n+ 1) and y = #2(n) into (15) the functions f and g can be calculated 
using symbolic manipulation. Moreover, the constraint on x in (14), namely #z(n + 1) < 4 will 
hold for n _> 2 for Pl given in (17). The explicit forms for f and g have been calculated and are 
given in Table 1. 
Notice that all of the coefficients of the polynomial g(n) are strictly positive. Therefore, since 
n is greater than or equal to one g(n) takes on only positive values. However, in the function f(n) 
two of the terms have coefficients with negative signs. Since we have that 
162873854550n 2 _<162873854550n 4, 1233760358125 < 1233760358125n 5, 
when n > 1, upon multiplying both sides of these inequalities by negative one, adding these two 
resulting inequalities and finally adding the remaining terms in f(n), excluding the negative n~, 
Properties of Certain Sequences 175 
n 3 terms to this, one finds that f is bounded below by a polynomial which is made up of only 
positive terms. Hence f must also be positive when n _> 1. Therefore, the function f /g  is greater 
than zero, hence the right hand side of (15) is negative as required. This implies that (7) holds. 
QED. 
We should remark that this is not the only way to obtain the functions #. Weaker estimates 
can be obtained for #(n) by taking the first few terms of the Stirling's eries representation for
#(n). This is given as follows 
p-1 828 ~_ S~p Op (18) #(z) 
, - - - ,  (28) (28  - 1 )z~s- ,  s=l  (2p) (2p  - 1) Z 2p- l"  
When z is real and positive, 0p is in the interval (0, 1). The B2s are Bernoulli numbers, the first 
few of which are given by 
1 1 (19) B~ = ~,1 B3 = 0, B4 = -~-~, B5 = 0, B6 = --42" 
The first few terms give the following bounds for #(n) 
1 1 1 1 1 
#l(n) = 12n 360n ~ < #(n) < 12n 360n a I- 1260n------- ~  #2(n). (20) 
As for the previous bounds, f and g can be calculated, although they will not be presented here. 
When this is done, more negative coefficients appear in f than in the case of the previous estimate 
(17). However, there are still a sufficient number of positive coefficients to enable the method 
used above to go through. Thus f and g are both bounded from below by polynomials which are 
strictly positive. Hence f /g  is positive in sign. This gives a second method for proving the result. 
Lemma 1. The first four terms in the large n expansion of an are given as follows 
1 293 4406147 14787105577 
an = ~ - 720---~ -t 43545600n~ - 188116992000n5 +. . .  (21) 
This can be developed by using Stirling's expansion (18) in the definition of an in (5). From this 
result, it follows that 
1 
lim an : 
n--+oo 2 ' 
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Since the sequence an increases monotonically with increasing n, Proposition 1 implies that the 
following bounds hold for each an, 
3 1 
2-~ < an < ~, n= 1 ,2 ,3 , . . . .  
Now let us consider a related sequence which we call bn. This sequence is defined in terms of the 
an to be 
1 
bn = n(~ - an), (22) 
for all integral n. 
Proposition 2. The sequence bn is monotonically increasing. 
Proof. Using (5) we can replace am by Tn to obtain 
n n 
b. = ~ - 12n 2 + ~Fn -- 1" (23) 
It is required to prove that b~+l > bn. To do this, let us calculate b.+l - bn, which is given by 
1 n+l  n 
bn+1 - bn = ~ - 24n - 12 A- Tn+l - 1 Tn - 1 
1 n + 1 n = p(n) (24) 
> 2 - 24n-  12 + exp(#~(n + 1)) - 1 exp(/~l(n)) - 1 q(n)" 
To obtain p(n) and q(n) in polynomial form, the following bounds given in [4] are used, 
1 1 1 1 1 1 
#l(n) - 12n 360n 3 ~- 2 < #(n) < - -  + - -  - /z2(n).  (25) 1260(1 + ~ ) n  ~ 12n 360n a 1260n s 
The exponentials in (24) can be expanded using m = 5 in (14) and the rational bounds given 
in (25) for # are substituted to calculate p(n) and q(n). It is found that p(n) is a polynomial of 
degree 50 which has only positive coefficients. Hence the polynomial p(n) is strictly positive for 
all n > 1. The polynomial q(n) can be factorized into a number of separate factors. Two of the 
factors have coefficients which have negative signs. However, the same idea that was applied to 
the polynomial g(n) in the proof of Proposition 1 can be used here to bound q(n) below by a 
polynomial which has positive coefficients. This shows that q(n) is positive for n > 1. It follows 
that both p(n) and q(n) are positive for all n > 1, hence bn+l - bn > 0, as required. QED. 
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Lemma 2. The first four terms in the large n expansion of the b~ are given by 
293 4406147 14787105577 9580282559333957 
b~ = 72--0 - 43545600n 2 + "188116992000n 4 83433648291840000n 6 +. . . .  (26) 
This  can be shown in the same manner  as in Lemma 1. Moreover, it follows that  
293 
lim b~ = - - .  (27) 
~-+~ 720 
This will provide an upper bound for the sequence. Thus since the sequence bn increases mono- 
tonically, the following bounds hold for the b,~, 
92 293 
27---6 < b~ < 7~6' ~ = 1, 2, 3 , - . . .  (28) 
It has been shown that  both of the sequences an and bn increase monotonical ly as n increases, 
and the l imits of the sequences a~ and b~ are 1/2 and 293/720, respectively. 
Table 1. The functions f(n) and g(n) which are required for the proof of Proposit ion 1. 
f(n) = 590133081600000n 2° + 7370448940800000n 19 + 43119344329920000n TM 
+156959129125440000n 17 + 398215014140880000n 16 + 747352093206816000n 1~ 
+1074459411558252000n 14 + 1208660336430444000n I3 + 1076772922949385000n 12 
+763648407866853000nll+430668589240278900nl°+191643149013319980n 9 
+66195124575730470n s + 17229143518475850n 7 + 3199003618271193n 6 
+376255328499423n ~ + 18349101181980n 4 - 1233760358125n 3 - 162873854550n 2 
+55523853n + 4186863 
g(n) = (12441600n 1°+ 50025600n 9 + 90205200n 8 + 95175360n 7 + 64229400n 6 
+28396560n s + 8048769n 4 + 1348206n 3 + 106639n 2 + 1266n + 9)(60n 4 + 120n a + 93n 2 
+31n + 3)(30n 2 + 60n + 29)(777600n 6 + 4698000n 5 + 11826900n 4 + 15878520n 3 
+11990100n 2 + 4827840n + 809761) 
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